We demonstrate that continuous-time FARIMA processes with α-stable noise provide a new stochastic tool for studying the solar flare phenomenon in the framework of fractional Langevin equation. Simple computer tests to check the origins of α-stability and self-similarity are implemented for empirical time series describing the energy of solar flares. Based on observed physical time series we solve the challenging problem of how to detect long-range dependence from real data and how to model it via fractional dynamics (Langevin or Fokker-Planck). We employ here codifference as a proper measure for long-range dependence. It is applicable to empirical data from the distribution lacking the second moment.
Introduction
Solar flares are the most energetic and violent events occurring in the solar atmosphere [1] . Observations of solar flare phenomena in X-rays became possible in the 1960s with the availability of space-borne instrumentation. Since 1974 broadband soft X-ray emission of the Sun has been measured almost continuously by meteorological satellites operated by the National Oceanic and Atmospheric Administration (NOAA) such as the Synchronous Meteorological Satellite (SMS) and the Geostationary Operational Environment Satellite (GOES) [2] . Understanding the long-term solar variability and predicting the solar activity is an actual problem for solar physics [1] . It is important to predict the time and strength of such events since such disturbances can pose serious threats to man-made spacecrafts, can disrupt electronic communication channels and influence Earth temperature fluctuations [3] [4] [5] .
Ever since the pioneering work by Mandelbrot [6] , and Montroll and Scher [7] , Lévy-stable processes have enjoyed great popularity as flexible modeling tools in economics and natural sciences. The importance of Lévy-stable distributions or processes in physics, astronomy and related areas has long been widespread [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] . Consequently, Lévy-stable type anomalous diffusion has been treated on a similar footing as Brownian diffusion [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] .
Fractional Brownian motion, which is a Gaussian self-similar process with stationary increments, was introduced a few decades ago, see Ref. [31] and references therein. The study of non-Gaussian self-similar processes with stationary increments (SSSI) was initiated more recently [32] [33] [34] [35] . The increments of SSSI processes are closely connected with the property of long-range dependence (or long memory or the Joseph effect). The term 'Joseph effect' was first used by Mandelbrot and Wallis [36] to describe exceptionally long-ranged positive temporal dependencies taking place in a given process. The name Joseph effect originates from the Biblical Joseph's 'seven years of abundance followed by seven years of famine'. In the theory of stochastic processes the term long memory (or long-range dependence) instead of Joseph effect is rather used. However, all three notions are used interchangeably and refer to the phenomenon in which the events that are arbitrarily distant still influence each other exceptionally strong. The concept of long-range dependence dates back to a series of papers [37, 31, 36] . Since then this concept has become particularly important in a wide range of applications ranging from hydrology to network traffic and finance [34, 35, [38] [39] [40] . Two different models of long-range dependence phenomena have long been known: the fractional Brownian motion [41] and the fractional autoregressive integrated moving average (FARIMA) time series [42] :
where n 's are assumed to be independent identically distributed (i.i.d.) random variables, b j 's are deterministic coefficients and the parameter d takes fractional values either negative or positive, see Refs. [34, 35] and references therein.
In this paper we introduce a long-range dependent continuous FARIMA (CFARIMA) model with α-stable noise, which provides a new stochastic tool for the study of the solar flare phenomenon in the fractional Langevin equation framework. We present for the first time a statistical test to check if the model is appropriate using the codifference approach, i.e. immediately applicable to data from distributions lacking the second moment. In this context, we would also like to refer to Ref. [5] and references therein, where periods of the Sun's irradiance were modeled with the help of the Lévy-walk statistics. An attempt to distinguish long-range temporal correlations from the physical data was presented earlier in Refs. [39, 40, 43, 44] , where self-similar and Lévy-stable models were employed. In Ref. [39] , the BMW 2 test [45] was applied for four real empirical time series recorded from different physical systems: an ionic current flow through a single channel in a biological membrane, an energy of solar flares, a seismic electric signal recorded during seismic Earth activity, and FX rate daily returns, to test their origins of self-similarity. The origins of self-similarity were also studied for real earthquake data in Ref. [40] by the method of differential entropy. The process of electropore fluctuations for small electropores was modeled in Ref. [43] as a fractional Lévy-stable motion with short memory, tending to fractional Brownian motion when the nanopore increases its size. A method for analyzing nonlinear Lévy-stable processes by data analysis in the context of the Langevin (but not fractional) equation was presented in detail in Ref. [44] . The method was applied to artificially created time series with different stable indices.
We develop here tools for the study of anomalous diffusion processes described by a fractional generalization [46] of the following Langevin-type stochastic differential equation driven by Lévy-stable noise:
where dL α t stands for the increments of Lévy α-stable motion L α t , 0 < α ≤ 2, see Ref. [38] . Section 2 starts with a description of self-similar processes and the long-range dependence property. Fractional Lévy-stable motion is described in the form of a stochastic integral. A connection with long memory or long-range dependence is also discussed and we introduce the codifference as a proper measure of long-range dependence. In Section 3 we analyze the asymptotic behavior of the FARIMA processes and introduce a new continuous-time CFARIMA process. Finally, in Section 4 the obtained results are applied to determine the basic features of an empirical data series describing the energy of solar flares. In particular, we test their origins of self-similarity and α-stability by a modification of the BMW 2 computer test [39, 45] . We provide a statistical justification for the use of CFARIMA model with α-stable noise by employing finite impulse response transformation (FIRT) and variance of residuals (VR) estimators.
Self-similarity and long-range dependence
A process {X (t)} t≥0 is called self-similar [47] if for some H > 0, X (at) d = a H X (t) for every a > 0, where d = denotes equality of all finite-dimensional distributions of the processes on both sides. Many of the interesting self-similar processes have stationary increments. A process {X (t)} t≥0 is said to have stationary increments if for any
In modeling of long-memory phenomena, the stationary increments of H -self-similar processes are of special interest since any H -self-similar process with stationary increments {X (t)} t∈R induces a stationary sequence {Y j } j∈Z , where
The most commonly used extension of the fractional Brownian motion to the α-stable case is the fractional Lévy-stable motion (FLSM) [48] [49] [50] [51] . The process {L α H (t)} t∈R is defined by the following integral representation:
where L α (u) is a symmetric Lévy α-stable motion (LSM) [38, 52] . The integral is well-defined for 0 < H < 1 and 0 < α ≤ 2 as a weighted average of the Lévy-stable motion L α (u) over the infinite past with the weight given by the above integral kernel denoted by f t (u). For the complete description of all possible kernels for other self-similar α-stable models see Ref. [39] , where one can also find computer simulations of fractional Lévy-stable motions. The process L α H (t) is H -self-similar and has stationary increments [48] . Let us note that H -self-similarity follows from the integral representation (3) and the fact that the kernel
This implies the following relation [39] :
The representation (3) of FLSM is similar to the integral representation of the fractional Brownian motion. Moreover, FLSM reduces to the fractional Brownian motion if one sets α = 2. When choosing H = 1/α we obtain the Lévy α-stable motion which is an extension of the Brownian motion to the α-stable case.
The increment process corresponding to the fractional Lévy-stable process is called a fractional stable noise (FSN). The asymptotic dependence structure of the fractional Brownian noise is studied by virtue of the autocovariance function. Since in the α-stable case the second moment is infinite one has to use another measure of dependence, e.g. the codifference τ ( j) which equals the covariance when α = 2 [52] . For most, but not all, values of α and H , τ decreases as j α H −α for large j. This is analogous to the behavior of the autocovariance function in the Gaussian case α = 2.
The typical way of defining long memory in the time domain is in terms of the rate of decay of the covariance function. The major difficulty occurs, when one tries to employ this definition to the α-stable process [38, 52, 53] . Since in this case the second moment does not exist for α < 2 and the covariance is not defined, one needs to find an alternate measure of dependence appropriate for the α-stable regime. It is defined in the following way [52] :
The codifference τ X,Y of two jointly α-stable random variables X and Y equals
The codifference shares the following important properties:
• It is always well-defined, since the definition of τ X,Y is based on the characteristic functions of α-stable random variables X and Y .
• When α = 2, the codifference reduces to the covariance Cov(X, Y ).
• If the random variables X and Y are symmetric, then τ X,Y = τ Y,X .
• If X and Y are independent, then τ X,Y = 0. Conversely, if τ X,Y = 0 and 0 < α < 1, then X and Y are independent. When 1 ≤ α < 2, τ X,Y = 0 does not imply that X and Y are independent (see Ref. [52] ).
• Let (X, Y ) and (X , Y ) be two symmetric α-stable random vectors and let all random variables X, X , Y, Y have the same scale parameters. Then the following holds [38, 52] : if τ X,Y ≤ τ X ,Y , then for every c > 0 we have
The latter inequality has the following interpretation: the random variables X and Y are less likely to differ than X and Y , thus they are more dependent. Therefore, the larger τ , the 'greater' the dependence.
The above properties confirm that the codifference is the appropriate mathematical tool for measuring the dependence between the α-stable random variables. In what follows, we will be mostly interested in the asymptotic behavior of the function
where n ∈ N and Y (t) is a stationary α-stable process. The function τ (n) can be regarded as the generalization of the covariance to the α-stable case. We say that a stationary α-stable process has long-range dependence if its codifference satisfies
FARIMA processes
The classical example of α-stable process with long memory is the FARIMA time series [34, 35] . Let us recall its definition. Let B be the shift operator defined by B X (n) = X (n − 1) and be the difference operator i.e.
process is defined as the solution of the equation
Here Φ and Θ are the polynomials of degree p and q respectively, n 's are assumed to be i.i.d. α-stable random variables and d takes fractional values, either positive or negative. To avoid unnecessary complications, in our further discussion we set p = q = 0. Then the model is described by
and consequently 
Thus, the formal definition of FARIMA(0, d, 0) process is the following:
n ∈ Z, cf. (1). X (n) is a stationary moving average and the necessary condition for the series (9) to converge a.s. is −∞ < d < 1 − 1/α. In the Gaussian case, i.e. when α = 2, the rate of decay of the covariance function
] for the FARIMA model is t 2d−1 , which shows that for d ≥ 0 we have ∞ n=0 |Cov(n)| = ∞ and X (n) is a process with long-range dependence. Additionally, the spectral density f (ω) (Fourier transform of Cov(n)) satisfies f (ω) ∼ c|ω| −2d as ω → 0. For α < 2 the covariance does not exist and one has to replace it with the previously introduced codifference (5). The codifference τ (n) of the FARIMA process was studied in [53, 54] , where it was proved that for d > 1 − 2/α the FARIMA(0, d, 0) process has long memory in the sense of (6) .
Taking into account that the FARIMA processes are defined only for integer time parameter n ∈ Z, the arising question is, whether we can find a stationary α-stable process Z (t) with continuous time t, which could be regarded as an appropriate counterpart of FARIMA(0, d, 0), i.e. their codifferences will have the same asymptotic behavior. We start with the following fractional Langevin equation:
which is the continuous-time analogue of Eq. (7) and a fractional modification of Eq. (2) with b(t, x) = 0 and σ (t, 
However, the main problem in this case is that the kernel function in the above integral is not α-integrable. Therefore, Z (t) is not well-defined. In order to get rid of the possible divergence of the integral at the origin, we introduce the perturbation parameter > 0 and define
Z (t) is a stationary moving average process [39] . It is well-defined for d < 1 − 1/α, which agrees exactly with the permissible range of the parameter d for FARIMA. Therefore, it is possible to compare asymptotic properties of Z (t) and FARIMA for the same d. The primary task is to determine the asymptotic behavior of the codifference τ (t) for Z (t). It can be shown [57] that τ (t) satisfies the following limiting conditions: (a) If either
where
The above results for Z (t) are actually identical with the ones for FARIMA(0, d, 0) process [53] . The rate of convergence of τ (t) in both cases is exactly the same and does not depend on , which implies that both processes have long memory for the same range of parameter d, i.e.
since only in this case condition (6) is satisfied. The parameter > 0 only affects the constant in part (b) of the above result, whereas the constant in part (a) is identical for both processes. For these reasons we may consider Z (t) as the 'proper' continuous-time counterpart of FARIMA(0, d, 0). Its dynamics is described completely by the fractional Langevin equation (10) . We call Z (t) the continuous-time FARIMA (CFARIMA) process since the original FARIMA discrete-time process (9) is embedded into a continuous-time process (11) with the same long-range dependence. This approach provides a new stochastic tool for studying the anomalous diffusion phenomena in the Langevin equation framework under α-stable noise. On the level of the observed physical time series, we solve a challenging problem how to detect the long-range dependence property from the data and how to model it. The four step procedure can be described as follows: Procedure 1. To examine that a given empirical time series is generated by an α-stable noise (e.g. the McCulloch quantile estimation). 2. To check that the time series has the self-similarity property (BMW 2 test). 3. To check that the time series satisfies the long-range dependence inequality (12). 4. To build a corresponding CFARIMA model, which leads to the fractional Langevin equation (10) and by [46] to the fractional Fokker-Planck equation.
In the next section we show that the above procedure can be successfully applied to model dynamics of blasts in the solar system.
Empirical evidence-solar flares
A solar flare is a short-lived sudden increase in the intensity of radiation emitted in the neighborhood of sunspots. Solar flares produce electromagnetic radiation across the electromagnetic spectrum at all wavelengths from long-wave radio to the shortest wavelength gamma rays. The frequency of occurrence of solar flares varies, from several per day to less than one each week. The periods of the Sun's irradiance influence the Earth temperature fluctuations and can be modeled with the help of the Lévy-walk statistics [5] . The radio and optical emissions from flares can be observed with telescopes on Earth. Energetic emissions such as X-rays require telescopes located in space, since these emissions do not penetrate the Earth's atmosphere.
We used X-ray flare data from a Geostationary Operational Environmental Satellite (GOES). The data is accessible from a web page of the National Geophysical Data Center (NGDC) [2] . GOES satellites primarily monitor environmental conditions on Earth, but there is an X-ray monitor on board which records X-ray emission from the Sun.
The captured energy was transmitted by X-rays emitted during blasts on a solar surface from the 1st of January 1999 to the 31st of December 2002. The time of the blast was recorded with an accuracy of 1min and the relative error of the energy measurement reads 10 −2 . We aggregated the energy values on a daily basis. The time series is presented in Fig. 1. 
FIRT and VR estimators
The first estimation procedure of the self-similarity parameter H is the so-called finite impulse response transformation (FIRT). The FIRT estimator involves an array of coefficients. The array is made out of finite impulse response coefficients. The estimator H FIRT is obtained by performing a log-linear regression on the coefficients and measuring the slope [58] . This is illustrated in Fig. 2 for the solar flare time series.
It is important to note that the estimator H FIRT is unbiased for all 0 < α < 2. Moreover, for 1 < α < 2, under certain technical conditions, the estimator is consistent and asymptotically normal.
An alternative method of testing scaling and correlation properties of a time series is the variance of residuals (VR) method [59] . First the series is divided into blocks of size m. Then, within each block, the partial sums of the series are The points at the high end (marked by 'x') are not used to fit the line, see Ref. [58] . The estimated slope of the line is H FIRT = 1.07982. Fig. 3 . Variance of residuals (VR) method for the solar flare data. The estimator H VR is obtained by fitting a least-squares line to the median of the sample variance of residuals within blocks of size m on a log-log scale. The points at the very low and high ends (marked by 'x') are not used to fit the line, see Ref. [60] . The estimated slope of the line is 2H VR = 2.0735, hence H VR = 1.03677. calculated. A least-squares line is fitted to the partial sums within each block, and the sample variance of the residuals is computed. The variance of residuals is proportional to m 2H . This variance of residuals is computed for each block, and the median (or average) is computed over the blocks. A log-log plot versus m should follow a straight line with a slope of 2H . The procedure is illustrated in Fig. 3 for the solar flare time series.
For the finite variance cases, the interpretation of the FIRT and VR estimators is very similar to the Hurst exponent: if only short-range correlations (or no correlations at all) exist in the studied series, then H FIRT = H VR = 1/2; if there is a correlation, then H FIRT = H VR = 1/2. Moreover, if the estimator H FIRT = H VR is greater than 1/2, the time series has long memory and if H FIRT = H VR < 1/2, the time series has short memory.
We note that both estimators give information on the memory and not on the distribution of the process increments.
Computer test and simulations
The analysis of the data shows that the tails of the underlying distribution conforms to the power law. Hence, we model it by a stable distribution [29] . We applied the McCulloch's quantile fit to obtain the parameters of the distribution [61] . The value of α was estimated to be α MC = 1.2674. In order to recover both the self-similarity exponent and the memory parameter d (hence, the distribution parameter α) we will modify the BMW 2 computer test [45] . The surrogate data are obtained here by a random shuffling of the original data positions. Test
• If the process is fractional Brownian motion, FARIMA or CFARIMA with Gaussian noise, then the values of the applied estimator should change to 1/2 for the surrogate data independently on the initial values.
• If the process is Brownian motion or Lévy-stable motion, then the estimator values should be the same for the original and surrogate data.
• If the process is fractional Lévy-stable motion, FARIMA or CFARIMA with α-stable noise for α < 2, then the values of the estimator should change to 1/α for the surrogate data.
The above formalism can be easily applied to determine basic features of an empirical data series. Below we employ this to study an empirical time series recorded from a well-known physical system: energy of solar flares.
The obtained values of the parameters are listed in Table 1 . Therefore, taking the results for the surrogate data, the estimates for the quantity 1/α are: 1/α FIRT = H FIRT = 0.74728 and 1/α VR = H VR = 0.746. We observe that the estimators are close to the one calculated from the McCulloch's method: 1/α MC = 0.7890. This justifies the choice of the McCulloch's estimator of the parameter α. Now, we apply a statistical procedure to verify whether a CFARIMA process with α = 1.2674 can serve as a model for the given time series. We simulate the CFARIMA process using our modification of the method suggested for the fractional Lévy-stable motion in Ref. [62] , see (11) . Table 1 are statistically admissible. Thus, the CFARIMA simulations reconstruct well the structure of the original solar flare data.
We conclude that the proper model should be based on the CFARIMA process with the parameters depicted in Table 2 , which has the long-range dependence property since d > 1 − 2/α. Moreover, the CFARIMA model has a natural physical interpretation as a solution (11) of a fractional Langevin equation.
Concluding remarks
We have shown that long-range dependent self-similar models driven by Lévy-stable noise are useful for modeling solar flare phenomena. To be more precise, in Section 3 we introduce a CFARIMA process with α-stable noise, Table 1. which provides a new stochastic model for studying anomalous diffusion phenomena in the fractional Langevin equation framework. Namely, any FARIMA (0, d, 0) discrete-time model (9) is embedded in a continuous-time process CFARIMA (11) which is a solution of the fractional Langevin equation (10) . We describe here a new way of how to derive a fractional Langevin equation whose solution has a long-range dependence property.
This procedure is illustrated in Section 4 for the captured energy transmitted by X-rays emitted during blasts on a solar surface from the 1st of January 1999 to the 31st of December 2002. Comparing the values of the FIRT and VR estimators for the original and the surrogate data, we estimated the components of the self-similarity index corresponding to the memory (d = 0.21) and to the distribution of the time series (α = 1.2674), see Table 2 . This choice of the parameters was statistically justified by simulating appropriate CFARIMA processes and checking that they reproduce the behavior of the empirical time series. To the best of our knowledge we have employed the above statistical procedure for the first time. Note that this codifference approach is applicable in general to data from distributions lacking the second moment. This demonstrates that one is able in principle to build a proper physical model for analyzing fractional dynamics (Langevin or Fokker-Planck) with long-range dependence of empirical data sets via the four step procedure described in Section 3. This is in contrast to the related reference [44] , where it was shown how artificially created time series can be reconstructed from the Langevin dynamics.
